Abstract: Wireless power transfer using a magnetic field through inductive coupling is steadily entering the market in a broad range of applications. However, for certain applications, capacitive wireless power transfer using electric coupling might be preferable. In order to obtain a maximum power transfer efficiency, an optimal compensation network must be designed at the input and output ports of the capacitive wireless link. In this work, the conjugate image theory is applied to determine this optimal network as a function of the characteristics of the capacitive wireless link, as well for the series as for the parallel topology. The results are compared with the inductive power transfer system. Introduction of a new concept, the coupling function, enables the description of the compensation network of both an inductive and a capacitive system in two elegant equations, valid for the series and the parallel topology. This approach allows better understanding of the fundamentals of the wireless power transfer link, necessary for the design of an efficient system.
Introduction
Different methods exist to transfer energy wirelessly. One could use electromagnetic waves such as light or microwave radiation [1] , or even pressure or sound waves to transfer energy from a source to a load [2] . In this work, we will focus on transferring energy through quasi-static fields.
Wireless power transfer (WPT) using a magnetic field through inductive coupling is steadily entering the market in a broad range of applications, from charging smartphones to electric vehicles [3] . The principle of inductive power transfer (IPT) is based on the generation of a time-varying magnetic field by an alternating current in an inductor. Another inductor captures the energy within this magnetic field for the generation of current.
Instead of the magnetic field, one can use the electric field to transfer energy wirelessly. This can be done by capacitive (also called electric) coupling. A capacitive power transfer (CPT) system uses one plate of a capacitor to generate an electric field by an alternating voltage. The other plate of the capacitor, at a certain distance of the first plate, captures the energy of this electric field for the generation of current. Compared to IPT, research on CPT is more limited, due to some disadvantages. Indeed, for long distances, e.g., 15 cm, several unfavorable attributes are required, e.g., high voltages, large plates, high switching frequencies and high electric fields, which can cause safety concerns for the environment [4, 5] .
Given the disadvantages of CPT, it is not surprising that the technology and design details of IPT are more mature than CPT. However, for certain applications (e.g., electric vehicles [6] ), CPT might be preferable to IPT because it has the following advantages [5, [7] [8] [9] [10] [11] [12] :
• CPT has the ability to transfer energy through metal objects. • Metal objects in the vicinity of the magnetic field generated by an IPT system cause power losses due to eddy currents. The power losses for CPT systems are generally significantly lower. • Since the electric field lines of a CPT system extend far less than the magnetic field lines for a comparable IPT system, the electromagnetic interference can be less for CPT systems for short distances. This results in less health concerns, as well as decreased electromagnetic compatibility challenges.
• CPT does not require ferrite to guide the magnetic field, nor does it need litz wire to avoid the skin effect. This can significantly reduce the cost as well as the weight of the WPT system. •
The resistance in the windings of the coil in an IPT system may cause high temperatures. A CPT system will usually produce less heat.
In this work, we apply the conjugate image theory for determining the optimal design configuration for a CPT system. This has already been successfully done for an IPT system [13, 14] , but to our knowledge, this is the first time this theory is applied to a CPT system.
More specifically, our contributions are:
• We determine the values of the compensating network at the input and output port of the wireless link as function of the characteristics of the capacitive wireless link (i.e., the working frequency and the value of the capacitances and their series resistance) to achieve maximum attainable efficiency.
•
We determine the optimal values to achieve maximum efficiency for series and parallel topologies and compare our results for the CPT link to the IPT link.
• By introducing a new concept of "the coupling function", we are able to describe the compensation network of a CPT and IPT system in only two elegant equations, valid for the series as the parallel topology as well. This allows us to better understand the fundamentals of the WPT link, necessary for the design of a WPT system.
We start by applying the conjugate image theory to a general CPT system and calculate the compensation network elements (Section 2). We construct a CPT system to illustrate the methodology (Section 3) and discuss the results in detail (Section 4).
Methodology

A General CPT System
A general wireless power transfer link consists of a transmitter and a receiver. In a CPT system, the wireless link is realized by two conducting plates, at the transmitter and at the receiver side ( Figure 1 ). These plates form two non-ideal, parallel facing capacitances C A and C B . In order to enhance the wireless power transfer efficiency, a compensating circuit can be connected by adding an inductance to create a resonance circuit as well at the transmitter and the receiver side. In Figure 1 , those inductances were placed in series, but also a parallel topology is possible. Thus, the transmitter of our general CPT system consists of an ideal time-harmonic voltage source at angular frequency ω, a series resistance R s1 , a series resonance inductance L s1 and the plates of the capacitances at the transmitter side. Analogously, the receiver consists of a series resistance R s2 , a series resonance inductance L s2 and the plates of the capacitances at the receiver side.
Obviously, Figure 1 is a simplification of a real CPT system, which will usually contain extra components (e.g., diode rectifier, H-bridge, power conditioner, ...). Nevertheless, we will use the simplified circuit in this study because (i) it is impossible to take into account all possible extra components that can be added, but, more importantly; (ii) it gives us the opportunity to focus on the effect of the WPT link itself, without the influences of external components. This allows a better understanding of the fundamentals of the WPT link, necessary for the design of a CPT system.
In order to correctly analyze this setup, the non-ideal capacitors have to be replaced by their equivalent circuit. A non-ideal capacitance consists of the following components (Figure 2a ) [15] [16] [17] :
• A stray series capacitance C str , representing the terminal capacitance.
• A stray series inductance L str , caused by the leads and plates of the capacitor.
•
The series resistance R s caused by the plates of and connections to the capacitor.
The parallel resistance R p caused by the dielectric layer between the capacitor plates.
• The (ideal) capacitance C itself.
In practice, the series capacitance C str and inductance L str are negligible compared to the ideal capacitance C and the inductance L s of the compensating WPT network. Similarly, the resistance R p is large enough to justify neglecting it. This results in an equivalent circuit that is, for our application, a valid approximation for a non-ideal capacitor, consisting of the ideal capacitance C in series with the resistance R s (Figure 2b ). Replacing the non-ideal capacitors in Figure 1 , we obtain the circuit from Figure 3a . This circuit has the disadvantage that the transmitter and receiver are part of the same circuit. Indeed, the transmitter and receiver share both the ideal capacitances C a and C b . This complicates the analysis of, e.g., a CPT system with one transmitter and multiple receivers. In order to be able to evaluate each receiver separately, it is beneficial to disconnect the transmitter and receiver circuit and introduce a coupling factor. Therefore, analogous to inductive power transfer, we construct the equivalent circuit (Figure 3b) , with C 1 and C 2 the ideal capacitances of transmitter and receiver, respectively, and C M the mutual capacitance between C 1 and C 2 , as defined by [18] . The series resistances on the transmitter and receiver side, respectively, are r 1 and r 2 . The relationship between C a , C b , r a and r b on the one hand and C 1 , C 2 , C M , r 1 and r 2 , on the other hand, can be found in [19] .
Analogous to inductive WPT, we introduce the capacitive coupling coefficient k (also named the electric coupling coefficient), defined as [18, 19] :
We now consider the wireless link itself as a two-port network as indicated in Figure 3a . The wireless link is fully characterized by its impedance matrix Z = R + jX, with elements z ij = r ij + jx ij (i, j = 1, 2). Since the two-port network is linear and reciprocal (z 12 = z 21 ), the relationship between peak current and peak voltages (as defined in Figure 3a ) at the two ports is given by:
Taking into account the equivalent circuit of Figure 3b , one can easily determine the coefficients of the impedance matrix Z of the two-port network:
The impedances connected to ports #1 and #2 are Z 1 and Z 2 , respectively (as indicated in Figure 3a ). By applying the conjugate image theory, we will determine in the next sections the optimal Z 1 and Z 2 to maximize the power transfer efficiency. We consider the impedance matrix Z and working frequency ω as given. In other words, given a fixed wireless link, what are the optimal impedances Z 1 and Z 2 to achieve maximum power transfer efficiency?
Conjugate Image Values for the Series Topology
We define the efficiency η of the capacitive link as the ratio between the active output power P out delivered to a resistive load relative to the active input power P in provided by the source:
It was shown by Roberts [20] that applying the so-called conjugate-image configuration to a two-port network maximizes the power transfer efficiency from input port #1 to output port #2 and vice versa. We will apply this setup to determine the necessary network elements Z 1 and Z 2 to achieve maximum efficiency of the wireless link.
We want to stress that maximizing the efficiency of the power transfer does not correspond with maximizing the amount of transferred power to the load [21] . It can depend on the application whether the maximum efficiency or maximum power transfer solution is preferable. For example, for the wireless charging of biomedical implants, the maximum power configuration may be preferable, whereas for the wireless charging of electric vehicles, the maximum efficiency configuration is more appropriate [14, 22] . In the next section, we will indicate the complex conjugate with a star: Z * is the complex conjugate of Z.
The conjugate image setup can be constructed by connecting specific impedances Z c1 and Z c2 to port #1 and #2, respectively [20, 23] . It is said that the conjugate image configuration is achieved when the following conditions apply (Figure 4 ):
• If we terminate port #2 with a load Z c2 , the impedance as seen into port #1 is Z * c1 .
• If we terminate port #1 with an impedance Z c1 , the impedance as seen into port #2 is Z * c2 .
Figure 4.
In the conjugate image configuration, ports #1 and #2 of a two-port network are connected to Z c1 and Z c2 , respectively.
For any two-port network, these conditions are fulfilled for the following values of Z c1 = R c1 + jX c1 and Z c2 = R c2 + jX c2 [20, 21] : 
With Equations (4), (5) and (6), we obtain for the resistances:
and for the reactances:
These reactances match with the following inductances for the series topology of Figure 3 :
Written as a function of the coupling factor k, we obtain the expressions in Table 1 . 
In conclusion, the conjugate image theory teaches us that for maximizing the power transfer efficiency, the optimal values for the resistances and inductances in series, given a certain CPT link with impedance Z, are given by Equations (12), (13), (16) and (17) .
In a general CPT system, the supply will be connected to port #1 of the two-port network, whereas the load will be connected to port #2. In that case, the resistance R s1 is redundant. It is only necessary if you want to maximize the efficiency in both directions. Indeed, the conjugate image setup not only maximizes the efficiency from port #1 (with the supply) to port #2 (with the load), but also from port #2 to port #1 if the supply and load are inverted. In other words, it allows choosing the ports at which you connect supply and load. Often, this design requirement is not imposed, and one can simply omit R s1 , which leads to a doubling of the efficiency and corresponds to the maximum efficiency configuration of the wireless power system [22] .
Conjugate Image Values for the Parallel Topology
In the previous section, we calculated from the conjugate image theory the ideal impedance at both ports for the series configuration. We can now easily calculate the ideal values for the parallel topology by imposing the same impedance as shown by the equivalent circuit in Figure 5 . By choosing the same parallel topology definition as Inagaki [13] , we will, further in this work, be able to make a correct comparison for the application of the conjugate image theory between IPT and CPT wireless power transfer.
We can write:
from which we can derive (i = 1, 2): Figure 5 . We define L pi and R pi (i = 1, 2) such that the two given circuits are equivalent to each other.
Remember that R si and L si are given by Equations (12), (13), (16) and (17). The results are summarized in Table 1 .
Lossless Approximation
The results obtained in the previous paragraph are rather complex. In order to improve our insight, we will, just as in [13] , approximate the model for a lossless situation, i.e., r 1 = r 2 = 0. Later in this work, it will be experimentally demonstrated that this assumption is acceptable.
From Table 1 , we can write
For the lossless approximation, this equation becomes:
Analogously, we obtain:
Notice that the above equation is the same as Equations (16) and (17) . The expression for the inductance does not change for the lossless approximation.
By combining Equations (22), (23) and (18), we obtain for the lossless approximation: An overview for the lossless approximation can be found in Table 2 . Table 3 gives an overview of the resistive and reactive components of the compensation network for achieving maximum efficiency for CPT and IPT. The table is valid for both the series and parallel topology. The expressions for IPT were derived by Inagaki [13] and were validated for the lossless approximation. By defining the coupling function K(k), which is a function of the coupling factor k, we obtain the same expressions for series and parallel topology. The coupling function K(k) is given by the values indicated in Table 4 . Table 3 . Overview of the resistive and reactive components of the compensation network for achieving maximum efficiency for CPT and IPT, as well for series and parallel topology, with A = L for CPT and A = C for IPT. Notice that if we introduce the coupling function K(k) as defined in Table 4 , the expressions for series and parallel topology are equal to each other. Table 4 . Definition of the coupling function K(k) with A = L for CPT and A = C for IPT.
Comparison between CPT and IPT
CPT IPT
R si , R pi K 1 ωC i KωL i A si , A pi K 1 ω 2 C i K 1 ω 2 L i
It is possible to write the values for the compensation network even more concisely than Table 3 by expressing them with the reactance:
for the inductance and capacitance, respectively. We obtain one formula for the resistive part of the conjugate image compensation network, valid for CPT and IPT, as well for the series and parallel topology:
X WPT is the reactance of the wireless link components, i.e., X C for CPT or X L for IPT. In addition, for the reactive part of the conjugate image compensation network, we obtain a single formula, valid for CPT and IPT, as well for the series as the parallel topology:
In the case of CPT, X C in Equation (29) is the reactance of the wireless link components and X L is the reactance of the compensation network. For IPT, X L in the above equation is the reactance of the wireless link components and X C is the reactance of the compensation network.
The introduction of the coupling function K(k), as defined in Table 4 , allows us to write the network elements to maximize the efficiency of the wireless power transfer in two elegant Equations (28) and (29) . We will now discuss this coupling function K(k) for CPT and IPT, and thereby also compare the conjugate image theory between CPT and IPT. Notice that, since 0 ≤ k ≤ 1, the coupling function K(k) is only defined within this region. Figure 6 shows the coupling function K(k) as a function of k for R si and R pi for CPT and IPT. The coupling function K(k) for the series resistance R si increases monotonically for higher coupling coefficients k. For low coupling (k < 0.4), its value for CPT is practically equal to its value for IPT. For very high coupling, K(k) rises very quickly for CPT, whereas for IPT, it converges to unity. Just as for R si , the coupling function for R pi is also practically equal for CPT and IPT at low coupling (k < 0.4). Whereas for IPT, the function decreases monotonically, it rises again, quite strongly, for CPT. Regarding the resistive part of the compensation network, we can conclude that for low coupling, the values for CPT and IPT barely differ, whereas for high coupling, K(k) is low for IPT, but high for CPT. Notice that according to Equation (28) , this corresponds with a low R si and R pi for IPT, and a high R si and R pi for CPT. Figure 7 shows the coupling function K(k) as a function of k for the series and parallel reactive parts of the compensation network, for CPT and IPT systems. The coupling function K(k) for L si and L pi increases monotonically for CPT at higher coupling coefficients k, whereas for C pi , it decreases monotonically for IPT. The coupling function for C si is independent of k and remains constant at unity. For very low coupling (k < 0.2), the value for K(k) equals approximately unity in all four cases. For very high coupling, K(k) rises very quickly for CPT. The value for the parallel topology rises a bit faster, but the difference remains small. The situation is different for IPT: for higher coupling factors, K(k) remains at unity or goes to 0.5 for C si and C pi , respectively. Regarding the reactive part of the compensation network, we can conclude that for low coupling, the values for CPT and IPT barely differ, whereas for high coupling, K(k) is high for CPT and low for IPT. Notice that according to Equation (29) , this corresponds with a high inductance for CPT and a low capacitance for IPT. According to Equations (26), (27) and (29), K = 1 for all k corresponds to the natural resonance frequency of an uncoupled resonant circuit. Only the value for C si (IPT) corresponds to this natural frequency. All other optimal values do not agree with this natural frequency due to the coupling between the transmitter and receiver [24] .
Validation
Setup
We construct a CPT system to illustrate the methodology of Section 2. We use four aluminum plates, each 200 mm × 300 mm × 1.2 mm, to construct the capacitances for the wireless power transfer link (Figures 1 and 8 ) with values C a = 462 pF ± 0.5 pF, C b = 415 pF ± 0.5 pF, and r a = r b = 17 Ω ± 0.5 Ω. We use a plate of polyvinyl chloride (PVC) as material for the capacitances to create a dielectric gap of 2.5 mm between the metal plates. We apply a sinusoidal harmonic voltage of V P = 20.0 V ± 0.05 V peak to peak at 300 kHz ± 0.5 Hz. We will use the same notation as in [19] and call the aluminum plates of the capacitors C A and C B at the transmitter side "A" and "B", respectively. The plates at the receiver side of the capacitors C A and C B are named "a" and "b", respectively. The capacitances between the different plates are named through their subscripts, e.g., C Ab is the capacitance between plate A and plate b. We measure the capacitance between the different plates at 300 kHz with an Agilent 4285A LCR meter (Keysight Technologies, Santa Rosa, CA, USA), as well as the series resistance of C A and C B . The results can be found in Table 5 .
By measuring the open circuit voltage at the receiver side when applying the voltage source at the transmitter, we obtain the open circuit voltage V SO . With the following equations:
which were derived by Huang and Hu [19] , we are able to calculate C 1 , C 2 and C M . The coupling factor k is given by Equation (1). The results are summarized in Table 5 . The corresponding Q-factor of C 1 and C 2 is 891 ± 34. We remark that a small margin of error in the determination of the capacitances leads to a relatively larger margin of error of e.g., the coupling factor k. 
Series Topology
Given the values of Table 5 , we can calculate the series resistance R si and the series inductance L si for the series topology. Since the values of the constructed capacitances are close to each other, Equations (22) and (23) lead to the same optimal value for the resistance and inductance at the transmitter and receiver side: R s1 = R s2 = 6.40 kΩ ± 0.88 kΩ and L s1 = L s2 = 4.1 mH ± 0.5 mH. Figure 9a shows the series topology. Notice that we have omitted R s1 to obtain the maximum efficiency configuration of the CPT link as mentioned above. Figure 10 shows the efficiency at 300 kHz, as defined by Equation (7), as a function of R s2 when L s1 = L s2 = 4.1 mH. These results take into account the series resistance of the capacitors and inductors and were acquired with the circuit simulator TINA-TI ® (Texas Instruments, Dallas, TX, USA). The results confirm that the maximum occurs at R s2 = 6.40 kΩ, from which we can conclude that our equations to determine the optimal series resistance for maximum efficiency are valid. Notice that the resistance region for an optimal efficiency is very broad, allowing a sizable range of loads for any practical application. We can do the same analysis for the inductance. Figure 11 shows the efficiency as function of L s2 when L s1 = 4.1 mH and R s2 = 6.40 kΩ. The results confirm that the maximum occurs at L s2 = 4.1 mH, from which we can conclude that our equations to determine the optimal series inductance for maximum efficiency are valid. We again notice that the region for an optimal efficiency is very broad. The first term of Equation (21), i.e., r s1 r s2 equals, in this example, 289 Ω 2 . The second term of Equation (21) is on the order of 10 7 Ω 2 , which verifies the legitimacy of the lossless approximation for this general CPT setup.
Parallel Topology
We repeat the same analysis as above, but now for a parallel circuit instead of a series circuit at the receiver side (Figure 9b ). Notice that a parallel topology at the transmitter side, as defined by Figure 5 , is meaningless to obtain the maximum efficiency. Given the values of Table 5 , we can calculate from Equations (24) and (25) the optimal resistance and inductance. We obtain R p2 = 15.7 kΩ ± 1.7 kΩ and L p2 = 6.9 mH ± 0.9 mH. Figures 10 and 11 show the influence of varying R p2 and L p2 , respectively, when the other components have their optimal value. The same conclusions as the series topology can be drawn.
The theoretical maximum achievable efficiency η max of the wireless link itself, characterized by its impedance matrix Z, can be analytically calculated using the values of Table 5 . This efficiency η max is given by [25] :
with α defined as:
Since r 1 and r 2 are small, we find for the wireless link itself an almost ideal power transfer efficiency of η max = 99.9%. If we take the series resistance of the inductors into account, we obtain the same maximum value as obtained by the simulations, i.e., 96.7%.
Discussion
The conjugate image solution allows us to determine the optimal compensation network (i.e., the optimal impedance at the ports) to obtain the maximum power transfer efficiency of the WPT system. We have shown that this optimal impedance is dependent on the coupling factor k. If k is constant, the optimal impedance obviously does not change. However, for certain applications such as moving electric vehicles [26] , automated guided vehicles [27] and a computer mouse [28] , this coupling factor is variable in time. In that case, one has to allow that an ideal compensation network is not present all of the time, leading to non optimal transfer efficiencies. A possible solution is to adapt the matching network according to the changing coupling factor [29] . In view of this, we will discuss the results obtained in the above calculations for the lossless approximation as a function of the coupling factor k and study the sensitivity on k.
We start by discussing the resistive part. The higher the k, the higher the optimal value for R si . For realistic values of a CPT system, the optimal value of R si can vary over several orders of magnitude. In contrast to R si , the variability for R pi is much smaller for varying coupling factors. For very high (k > 0.9) or very low (k < 0.1) coupling factors, the optimal value for R pi is high, whereas for values in between, the value is relatively low and fairly constant. There exists a broad range of coupling factors (0.1 < k < 0.9) where marginal or no adaptation is necessary for varying coupling regarding R pi . The ratio of R si to R pi is approximately k 2 for small k.
For low coupling factors (k < 0.5), the inductive part of the compensation network, i.e., the inductance L si or L pi , remains more or less constant and relatively small. For higher k, the optimal inductance values rise quickly, certainly for k > 0.8. This implies that at low coupling, no adaptation for the reactive part of the compensation network is necessary, even if the coupling factor k is varying strongly, as long as the coupling remains low (k < 0.5). For high coupling, the variability is much higher, resulting in a significant decrease of efficiency for varying coupling factors. At low coupling, L si and L pi are practically equal. At higher coupling, the optimal value of L pi rises a bit faster than L si , but they remain within the same order of magnitude.
Conclusions
The conjugate image theory is applied for determining the optimal compensation network at the input and output port of a CPT link as a function of the properties of the wireless power transfer link. Expressions to obtain maximum efficiency for series and parallel topology are derived, leading to a set of closed expressions. By introducing a new concept, the coupling function, we were able to describe the compensation network of a CPT and IPT system in only two compact equations, valid for the series and parallel topology as well. This allows for gaining a deeper insight into the fundamentals of the WPT link, necessary for the design of an efficient WPT system.
